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ABSTRACT 

A method is presented f o r  mathematically desc r ib ing  the geometric 
conf igu ra t ion  of a conventional l i qu id  chemical booster  s t a g e  f o r  a 
v e r t i c a l l y  launched space veh ic l e .  Geometric p r o p e r t i e s  of a l l  s i g n i f -  
i c a n t  components were der ived i n  parametric form. Resu l t s  were sum- 
marized i n  schematic dimensional diagrams f o r  two arrangements of tanked 
b i p r o p e l l a n t  f l u i d s .  These r e s u l t s  w i l l  s e rve  a s  a b a s i s  f o r  formulating 

a n a l y s i s .  
mass as  required f o r  performance and t r a j e c t o r y  
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SUMMARY 

A method i s  presented f o r  mathematically descr ib ing  the  geometric 
conf igu ra t ion  of a conventional l i q u i d  chemical boos te r  s t age  f o r  a 
v e r t i c a l l y  launched space veh ic l e .  Geometric p r o p e r t i e s  of a l l  s i g n i f -  
i c a n t  components were der ived i n  parametr ic  form. Resul ts were suILlIRar ized  
i n  schematic dimensional diagrams fo r  two arrangements of tanked b ipropel -  
l a n t  f l u i d s .  These r e s u l t s  w i l l  serve a s  a b a s i s  f o r  formulating mass 
paramet r ic  equat ions a s  requi red  f o r  performance and t r a  j 

- 
SECTION I. INTRODUCTION 

Prel iminary performance and t r a j e c t o r y  s t u d i e s  lead ing  t o  the  
formulat ion of new v e h i c l e  systems s p e c i f i c a t i o n s  depend on two very  
important  v e h i c l e  design f ac to r s :  general  conf igu ra t ion  and mass of 
each s t a g e  and payload. Configuration e n t e r s  i n t o  t r a j e c t o r y  s t u d i e s  
because of i t s  aerodynamic drag and may be r e a d i l y  computed by i t s  pro- 
p e l l a n t  volume and by i t s  propulsion s i z e  and arrangement. 
on the  o t h e r  hand, i s  no t  as e a s i l y  es t imated because of t he  many more 
c o n s t i t u e n t s  which must be evaluated. Vehicle design c o n s t i t u e n t s  which 
c o n t r i b u t e  t o  t h e  mass of each s t age  a r e  p rope l l an t  a s  r equ i r ed  f o r  each 
miss ion ,  r e se rves  and r e s i d u a l s ,  propuls ion systems, p rope l l an t  con ta ine r s ,  
t h r u s t  s t r u c t u r e s ,  f a i r i n g s  and bracke ts ,  thermal i n s u l a t i o n s ,  instrumenta- 
t i o n ,  and s tag ing .  Since both of these v e h i c l e  design f a c t o r s  (configura-  
t i o n  and mass) depend on such t r a j e c t o r y  f a c t o r s  a s  p rope l l an t  mass and 
flow r a t e ,  and i n  turn  the  t r a j e c t o r y  f a c t o r s  depend on the  v e h i c l e  design 
f a c t o r s ,  an i t e r a t i v e  process  i s  suggested, Precious time and money a r e  
conserved when the  i t e r a t i v e  process i s  reserved u n t i l  a f t e r  i n t e r a c t i n g  
v e h i c l e  des ign  equat ions have been appl ied  t o  e s t a b l i s h  t rends  f o r  
opt imizing s t ages ,  p rope l l an t  mass, flow r a t e s ,  drag, and many o ther  
s i g n i f i c a n t  design and t r a j e c t o r y  parameters r e l a t e d  t o  the  intended 
miss ions.  

Vehicle mass, 



Inasmuch a s  a knowledge of mass and r e l a t i v e  l o c a t i o n  of each 
s e p a r a t e  major func t iona l  component i s  n o t  necessary f o r  prel iminary 
t r a j e c t o r y  s t u d i e s ,  the general  conf igu ra t ion  and mass equat ions may be 
developed and app l i ed  independently of t he  v e h i c l e  designers .  Therefore,  
the t r a j e c t o r y  a n a l y s t s  may begin t h e i r  s t u d i e s  a t  once, and the v e h i c l e  
des igne r s ,  f r e e  from supporting t r a j e c t o r y  s t u d i e s ,  a r e  allowed t o  
r e s t r i c t  t h e i r  e a r l y  e f f o r t s  t o  s e l e c t i n g  m a t e r i a l s ,  propuls ion systems, 
and t o  optimizing shapes and component o r i e n t a t i o n .  The e f f o r t s  of both 
teams should be i n t e g r a t e d  when i t  appears t h a t  refinements t o  t h e i r  
s t u d i e s  a r e  warranted with a minimum of i t e r a t i o n s .  This arrangement, 
i f  app l i ed  i n  the e a r l y  study phases, w i l l  e f f e c t i v e l y  compress the 
design time schedule and w i l l  incorporate  a b e t t e r  combination of v e h i c l e  
f e a t u r e s .  

Size and mass equations sought by the t r a j e c t o r y  a n a l y s t s  involve 
an i n t e l l i g e n t  accumulation and in t e rconnec t ion  of many d e t a i l e d  analyses  
which a r e  se l ec t ed  from a s t o r e  of subrout ine equat ions f o r  t h e i r  param- 
e t e r s  appl icable  t o  a p a r t i c u l a r  veh ic l e .  This ,  i n  essence,  i s  l i k e  a 
mathematical " t i nke r  toy" s e t .  These design equat ions must include such 
parameters a s  diameter,  l i f t o f f  a c c e l e r a t i o n ,  p rope l l an t  mass, mixture 
r a t i o ,  flow r a t e ,  t h r u s t ,  chamber press;lre, nozzle  expansion r a t i o ,  tank 
p res su re ,  and s taging l o s s e s .  

Many preliminary a n a l y s i s  teams a r e  acquir ing t h i s  c a p a b i l i t y  t o  
some ex ten t ,  b u t  because of the r ap id  pace of our p re sen t  space program, 
t h i s  knowledge i s  preceding the l i t e r a t u r e .  This l i m i t e d  exchange of 
techniques is  unfortunate  i n  t h a t  these a n a l y s t s  a r e  forced t o  i n i t i a t e  
and develop methods sepa ra t e ly  without b e n e f i t  of the experiences of 
o the r s .  
another  method developed by the author  f o r  a chemical booster  s t age  of 
a v e r t i c a l l y  launched v e h i c l e  which may be extended t o  upper s t ages .  
This paper p re sen t s  t h i s  methodology f o r  a booster  s t a g e  conf igu ra t ion  
equation. The s e r i e s  w i l l  continue with p a p e r s  f o r  each major component 
m a s s  equation t h e r e a f t e r .  Mathematical s i m p l i c i t y  i s  e s s e n t i a l  and w i l l  
be favored wherever p r a c t i c a l ,  s t a t i s t i c a l  da t a  w i l l  be presented where 
necessary,  and the I n t e r n a t i o n a l  System of Units  w i l l  be used throughout. 

It is  the re fo re  the  purpose of t h i s  p re sen ta t ion  t o  document 

Many individuals  from Aero-As trodynamics and P&VE Laborator ies  i n  
the  var ious f i e l d s  of v e h i c l e  design and performance have k ind ly  made 
a v a i l a b l e  data from which use fu l  range of c o e f f i c i e n t s  and empir ical  
equat ions were derived. Their con t r ibu t ions  a r e  hereby g r a t e f u l l y  
acknowledged. Thanks a r e  due t o  M r .  Helmut J. Horn f o r  h i s  encouragement 
and h i s  many valued suggestions i n  t h i s  paper and those t o  follow. 
Special  thanks a r e  extended t o  M r s .  Sarah Hightower, M r s .  I r ene  Dolin, 
and M r .  James Hackney f o r  t h e i r  a s s i s t a n c e  w i t h  the  manuscript. 

It i s  hoped t h a t  t h i s  s e r i e s  w i l l  s e rve  t o  s t i m u l a t e  an i n t e r e s t  t o  
improve, t o  supplement, and t o  g e n e r a l l y  c o n t r i b u t e  t o  e x i s t i n g  published 
and unpublished techniques. 
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SECTION 11. STAGE CONFIGURATION 

This p a r t  of the  s e r i e s  t r e a t s  the development of the geometrical  
p r o p e r t i e s  of a l i q u i d  chemical booster s t age  f o r  a v e r t i c a l l y  launched 
space vehic le .  The two p r i n c i p a l  dimensions t o  be discussed a r e  the  
s t a g e  o u t e r  diameter and lengths  of a l l  components which c o n t r i b u t e  t o  
t h e  t o t a l  s t a g e  length.  

A s t age  diameter i s  f i r s t  chosen t o  accommodate the  p r o p e l l a n t  
tank requirements f o r  optimum vehicle  s t r u c t u r e ;  bu t  aerodynamic drag, 
dynamics, ma i n  propulsion requirements, manufacturing f a c i l i t i e s  , t r ans -  
p o r t a t i o n ,  and launch r e s t r a i n t s  very o f t e n  inf luence the  s t a g e  f i n a l  
diameter.  The s t a g e  diameter (D) i s  an input  design parameter and w i l l  
appear throughout the  series of r e p o r t s .  

The s t a g e  l eng th  i s  dependerft upon the diameter and p r o p e l l a n t  
volume f o r  tank lengths ,  and upon the diameter and propulsion f o r  the 
t h r u s t  s t r u c t u r e  and main engine lengths ,  r e s p e c t i v e l y .  

Dimensions, sur face  a r e a s ,  and o ther  geometric p r o p e r t i e s  w i l l  be 
de r ived  i n  parametr ic  form f o r  each major component. These p r o p e r t i e s  
w i l l  serve a s  a b a s i s  f o r  developing the  mass equat ions i n  a d d i t i o n  t o  
the  s t a g e  configurat ion.  
and s i g n i f i c a n t  dimensions a r e  shown on Figure 1. 

A schematic diagram of component arrangements . 

1.0 P rope l l an t  Tanks Arrangement 

A conventional l i q u i d  chemical booster  r e q u i r e s  two p r o p e l l a n t  
tanks i n  tandem a s  shown i n  Figure 1. E i t h e r  the  forward or a f t  tank 
may be  used a s  the f u e l  container ,  and the  other .  f o r  the oxid izer .  This 
arrangement w i l l  depend on the optimum v e h i c l e  s t r u c t u r e  due t o  t h r u s t  
and i n e r t i a l  loads ,  on engine suct ion p res su re  requirements,  and on the 
minimum r e s i d u a l  masses trapped i n  the s u c t i o n  l i n e s  and tanks a t  s t age  
separa t ion .  Therefore,  the  tank arrangement cannot be reso lved  on the 
b a s i s  of geometry, nor does i t  matter i n  de r iv ing  the s t a g e  s i z e  o r  
component dimensions. The arrangement w i l l  u l t i m a t e l y  be evaluated by 
the  performance, dynamics, and cont ro ls  of the v e h i c l e .  

1.1 Prope l l an t  Tank Volumes 

For a given mainstage p rope l l an t  mixture r a t i o  (rm),  the 
volume of each tank must accommodate r e s e r v e s ,  r e s i d u a l s  and t r a n s i e n t  
f l u i d s  i n  a d d i t i o n  t o  the mainstage p rope l l an t  mass (We). Admittedly, 
the masses of these a d d i t i o n a l  f l u i d s  a r e  more s i g n i f i c a n t  t o  the  per- 
formance a n a l y s t s ;  however, t h e i r  o r i g i n  and t h e i r  r e l a t i v e  and t o t a l  
volumes bear some measure of considerat ion.  

3 
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The u l l a g e  volume is dependent upon the  engine suc t ion  p res su re  
requirements and the  tanks p re s su r i za t ion  system h i s t o r y .  
arrangement and v e h i c l e  a c c e l e r a t i o n  h i s t o r y  has  some inf luence on the  
u l l a g e  volume necessary.  For ve ry  la rge  s t ages ,  the  u l l a g e  volume ranges 
between 3.0  and 5.0 percent  of the  t o t a l  tank volume. 
'and t h r u s t  decay p rope l l an t  volumes depend upon the  engine c h a r a c t e r i s t i c s  
and shutdown sequences. They may be conservat ively r e l a t e d  t o  the  s t a g e  
t o t a l  volume as 2.0 t o  3 . 0  percent  for  the  f i r s t  s t age  and 0 . 3  t o  0.5 
pe rcen t  f o r  a l l  subsequent s tages .  Propulsion performance r e s e r v e s  con- 
sist of p rope l l an t  a l lo tmen t s  f o r  main engine performance def i c i e n i e s  
due t o  mixture r a t i o  s h i f t s  o r  s p e c i f i c  impulse v a r i a t i o n s .  This volume 
may be r e l a t e d  t o  the t o t a l  mainstage p rope l l an t  volume and ranges between 
0.5 and 0.6 percent.  Another two percent of the  t o t a l  volume should be 
included t o  a l low f o r  tank thermal shrinkage, p rope l l an t  topping d isper -  
s ions ,  trapped p r o p e l l a n t s ,  and enclosed equipment or  t r e spass ing  tunnels .  

The tank 

Thrust buildup 

A r b i t r a r i l y  combining these volumes and r e f e r r i n g  t o  the r e s u l t s  
as c o e f f i c i e n t s  of mainstage propel lan ts ,  we ob ta in  

kf = ko = 1.10. (1. l a )  

W e  may now express the  f u e l  tank volume a s  

and correspondingly,  t he  ox id ize r  tank volume a s  

(1. Ib )  

(1. IC) 

where (p) is  the d e n s i t y  of propel lan ts  and "f" and "0" r e f e r  t o  fue l  
and o x i d i z e r ,  r e s p e c t i v e l y ,  which a re  presented i n  Figures 10 and 11. 

r.2 Prope l l an t  Tank Bulkhead 

P rope l l an t  tank bulkheads a r e  major components which s i g n i f -  
i c a n t l y  inf luence tank pressures ,  s tage diameter,  l ength ,  s t r u c t u r a l  
weight, trapped r e s i d u a l  weights,  and s loshing.  The design s e l e c t i o n  
of t h i s  component must therefore  be reviewed by the performance, stress, 
and dynamics a n a l y s t s ,  and by the f a b r i c a t i o n  t echno log i s t s  and c o s t  

5 



c o n t r o l l e r s .  Though the scope of t h i s  p r e s e n t a t i o n  i s  t o  demonstrate 
a method of determining p e r t i n e n t  s t a g e  dimensions and masses r equ i r ed  
f o r  t r a j e c t o r y  s t u d i e s ,  i t  may be f i t t i n g  t o  d i scuss  some i n t e r e s t i n g  
f e a t u r e s  of s eve ra l  bulkhead shapes p r e s e n t l y  used and o t h e r s  which 
have been se r ious ly  considered. 

Perhaps the most commonly used bulkhead i s  a dome shape, 
symmetrical about the long i tud ina l  a x i s  of t he  v e h i c l e ,  and whose 
meridional curve desc r ibes  an e l l i p s e  o r  mod i f i ca t ion  the reo f ,  Imposed 
loads a r e  the u l l a g e  p re s su re  and the  l i q u i d  head due t o  v e h i c l e  a c c e l e r -  
a t i o n ,  These loads a r e  r eac t ed  around the  per iphery by the fuselage 
s t r u c t u r e  as shown i n  Figure 2a. Induced s t r e s s e s  a r e  e s s e n t i a l l y  of 
the membrane t y p e ,  the  only s t r u c t u r a l  r e s t r a i n t s  being t h a t  t hese  mem- 
brane s t r e s s e s  never exceed the t e n s i l e  e l a s t i c  l i m i t  nor t he  compressive 
e l a s t i c  s t a b i l i t y .  Because loads on the  forward bulkhead a r e  i n h e r e n t l y  
l e s s  than those on the  a f t  bulkhead, t h e i r  shapes and a n a l y s i s  may be 
independently determined, f a b r i c a t i o n  c o s t  v s  design permit t ing.  Each 
of these domes may be molded t o  a favorable  strength-weight s t r u c t u r e ,  
mindful of the f a c t  t h a t  increasing the dome depth inc reases  the v e h i c l e  
l eng th  and fuselage weight, b u t  decreases  t h e  trapped l i q u i d  weights i n  
the  a f t  dome and decreases  bulkhead s h e l l  thicknesses .  

Scalloped, m u l t i c e l l  type tanks [ l ] ,  with bulkheads composed 
of r a d i a l l y  i n t e r s e c t i n g  p a r t i a l  cones with s p h e r i c a l  t r a n s  i t  ions t o  
veh ic l e  c y l i n d r i c a l  wa l l  (shown i n  Figure 2b) , have been i n v e s t i g a t e d  
f o r  l a r g e  booster s t age  a p p l i c a t i o n .  The r a d i a l  c e l l  w a l l s ,  o r  webs, 
serve t o  s t a b i l i z e  the scal loped shape of t he  p re s su r i zed  tank c ross  
s e c t i o n  a s  well  a s  t o  couple the forward and a f t  bulkheads. The imposed 
loads a r e  ul lage p re s su re  and l i q u i d  head under v e h i c l e  a c c e l e r a t i o n  a s  
f o r  the dome type bulkhead. However, t he  r e a c t i o n  of the a f t  bulkhead 
load is  now d i s t r i b u t e d  p a r t l y  t o  the forward bulkhead through the tank 
r a d i a l  webs and the remainder t o  the v e h i c l e  fuselage.  Thus, t he  
optimum design of the forward bulkhead i s  dependent upon the a f t  bulk- 
head and v i ce  ve r sa .  Because scal loping r e s u l t s  i n  smaller  r a d i i  of 
curvature ,  t h e  s h e l l  thickness  i s  l e s s  than a conventional dome type 
bulkhead, The mass r educ t ion  due t o  th inne r  tank ou te r  wa l l s  must be 
paid back to the tank r a d i a l  webs. The n e t  r e s u l t  is  a n a t u r a l l y  
bu i l t - i n  s losh b a f f l e  arrangement with very l i t t l e  mass inc rease  neces- 
s a r y  t o  s t i f f e n  the b a f f l e s  f o r  s lo sh  loads.  These r a d i a l  webs may be 
f u r t h e r  u t i l i z e d  i n  the a f t  tanks t o  p a r t i a l l y  support  t h e  inboard 
engine th rus t .  Other important advantages of m u l t i c e l l  bulkheads over 
the conventional ones a r e  t h a t  (1) s k i r t s  a r e  considerably reduced i n  
l eng th  which decreases  v e h i c l e  s i z e ,  and t h e r e f o r e  mass, (2) the o u t e r  
wa l l  thicknesses may be ad jus t ed  by the  number of c e l l s  t o  admit s i n g l e  
pass  welding f o r  l a r g e  boos te r s ,  and ( 3 )  t he  shallow b u l k h e a d , i s  more 
adap tab le  to l a r g e  diameter-to-length tank r a t i o .  A t  p r e sen t ,  the 
m u l t i c e l l  tank a p p l i c a t i o n  i s  u n t r i e d  and the a s s o c i a t e d  development 
problems and c o s t s  have no t  been f u l l y  evaluated. 



A 

Forward Spheroidal 

Bulkhead n - u l l a g e  Pressure 

--- - - --- Fluid Level 

4 E 
-- - - - -  
- - -_ -  

Ullage and Fluid 
Head Pressures 

Fuselage A f t  Spheroidal 
Bulkhead 

Single Cell Tank 

(a 1 

Radial Webs 

- -  
I - -  - -- 

- - _ -  
- - - -  

&&-Partial Cones 

Scalloped, Multicell Tank 

(b 1 

FIGURE 2. SINGLE AND MULTICELL TANK BULKHEADS 

7 



Another common candidate  f o r  l a r g e  diameter-to-length type bulk- 
head is  the torus  shown i n  Figure 3a. Though the  su r face  a r e a  f o r  a 
given volume i s  g r e a t e r  than the two types discussed,  it may be designed 
i n t o  any s tage with s u b s t a n t i a l  decrease i n  l eng th  by inc reas ing  the 
ou te r  diameter (D).  The meridional curve of t he  t o r u s  type bulkhead may 
be def ined to produce maximum volume p e r  depth,  constant  b i a x i a l  s t r e s s  
f o r  constant  thickness" o r  minimum depth pe r  maximum o u t e r  diameter (D). 
For ve ry  small outer- to- inner  diameter r a t i o s ,  t h e  bulkhead may be sup- 
ported only a t  the per iphery of t he  o u t s i d e  diameter.  Because of t he  
unsupported inner per iphery,  the a f t  bulkhead a x i a l  displacements may 
become excessive with increasing i n e r t i a l  loads and wi th  decreasing 
inner  diameter. This i s  a l s o  t r u e  of t h e  forward bulkhead s i n c e  it  i s  
coupled t o  the a f t  bulkhead. The excessive a x i a l  displacement may be 
overcome by providing supports  o r  t i e s  a t  the inner  per iphery a s  shown 
i n  Figure 3b. An improved a p p l i c a t i o n  of the t o r u s  type bulkhead i s  
t h a t  of the "semi-toroidal tank" [2] shown i n  Figure 5b. The bulkhead 
meridional curve i s  def ined by an o b l a t e  e l l i p s e  and the inner  wa l l  i s  
supported by a cen te r  pos t  which a l s o  se rves  a s  t he  tank container  and 
i s  a x i a l l y  supported by the t h r u s t  s t r u c t u r e .  

Other shapes of the t o r o i d a l  type bulkheads proposed a r e  com- 
bining b e s t  membrane and geometric f e a t u r e s  of the to rus  and domeikJc of 
Figure 5a; f a b r i c a t i n g  a to rus  cons i s t ing  of mul t ip l e  i n t e r s e c t i n g  
spheres of Figure 4a; i n t e r s e c t i n g  a frustum of a cone w i t h  domes a t  
each end; and a h o s t  of o t h e r s  f a m i l i a r  t o  the reader .  

In  view of t he  types and combinations of bulkheads p o s s i b l e ,  
it now becomes obvious t h a t  configurat ion and mass equat ions of a tank 
a r e  based on the s e l e c t i o n  of tank and bulkhead and the corresponding 
d e t a i l e d  subroutine a n a l y s i s  of each s p e c i f i c  component. The subrout ine 
analyses  should c o n s i s t  of equations of l eng th ,  depth,  su r f ace  a r e a ,  
volumes, wall  thickness ,  mass, e t c . ,  i n  terms of input  design parameters 
and f l i g h t  condi t ions.  Therefore,  t o  demonstrate t h i s  methodology, w e  
proceed t o  develop these necessary parametric equat ions f o r  a conventional 
type bulkhead and p r o p e l l a n t  tank of Figure 1. I n  a d d i t i o n  t o  i t s  s implic-  
i t y  of p re sen ta t ion ,  r e s u l t s  obtained f o r  the conventional bulkhead and 
tank may be v e r i f i e d  by the  r e a d e r ' s  experiences and a v a i l a b l e  da t a .  

During an informal d i scuss ion  ( Ju ly  1963) on l a r g e  diameter- to- length 
r a t i o s ,  M r .  H. Horn proposed t h a t  a t o r o i d a l  s h e l l  could be def ined f o r  
a cons t an t  s h e l l  thickness  such t h a t  i t s  membrane b i a x i a l  t e n s i l e  s t r e s s  
i s  equal t o  the  b i a x i a l  e l a s t i c  s t r e n g t h  of t he  m a t e r i a l  a t  every po in t .  
This type to ro ida l  s h e l l  may poss ib ly  e x h i b i t  a d e s i r a b l e  volumetr ic  
capac i ty  per s h e l l  depth i n  a d d i t i o n  t o  i t s  e f f i c i e n t  use of material. 

~~~~ Suggested by M r .  H. Horn on June 1962 during informal d i scuss ion  on 
p r o p e l l a n t  tank conf igu ra t ion  f o r  lunar  landing v e h i c l e s .  

-1. J- 
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Assuming each bulkhead i n  t h i s  p r e s e n t a t i o n  i s  descr ibed by an 
e l l i p s e  with D/2 a s  t he  semimajor a x i s  and E o r  B a s  the semiminor a x i s  
of the forward and a f t  bulkheads, r e s p e c t i v e l y ,  the r a t i o  of the axes 
may be expressed a s  an input  design parameter 

D D 

where 

K > 1 i s  an o b l a t e  spheroid,  

K = 1 is  a sphere,  

K < 1 i s  a p r o l a t e  spheroid,  

and t h e  volumetric capac i ty  i s  

(1.2a) 

(1.2b) 

The exact  s o l u t i o n s  f o r  each spheroidal  bulkhead i s  given f o r  
t h r e e  types: 

Oblate when K > 1 

Hemisphere when K = 1 

S = n E ,  and 2 

P r o l a t e  when K < 1 

(1.2c) 

(1.2d) 

(1.2e) 
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Because of the t ranscendental  func t ions  i n  equat ions ( 1 . 2 ~ )  
and (1.2e), f u t u r e  a p p l i c a t i o n  i n t o  mass equat ions may prove t o  be very  
undesirable .  
nometr ical  s e r i e s  i n t o  equat ions (1-.2c) and (1.2e), r e spec t ive ly ,  approxi- 
mate so lu t ions  may be obtained f o r  K 2 1 

I n  using the  f i r s t  two terms of the  logar i thmic  and t r i g o -  

S = *2{ K 2  + 4K2 3K '} 
4K 

and f o r  K 5 1 

(1.2f) 

Both the exac t  and approximate s o l u t i o n s  a r e  p l o t t e d  i n  
Figure 6 f o r  the range of K normally used i n  spheroidal  bulkhead designs.  
The maximum e r r o r  noted is f i v e  percent.  Thus, through an admissible  
approximation, t h ree  equat ions were reduced t o  two. S t i l l ,  these two 
equat ions imply t h a t  t h e  o b l a t e  and p r o l a t e  must be t r e a t e d  as two 
sepa ra t e  and d i s t i n c t  types of bulkheads. This condi t ion  r e q u i r e s  t h a t  
t he  a n a l y s t  must choose one o r  t he  other  from the  ou t se t .  
op t imiza t ion  s tudy i n d i c a t e  t h a t  a crossover i s  necessary,  then t h e  
o r i g i n a l  su r f ace  a rea  equat ion must be changed i n  a l l  subrout ine ana lyses  
containing it. 

Should the  

These d i s c o n t i n u i t i e s  a t  K Ly 1 may be a l l  removed by a formula 
approximating the  exac t  curve of Figure 6 wi th  a s t r a i g h t  l i n e  shown on 
Figure 7. Such an empir ical  equation 

la2 
3G S = 0.52 - (1.2h) 

wi th  a range of K2 2 1/4 through K2 I 4 was obtained a s  i l l u s t r a t e d  i n  
Figure 7. The maximum e r r o r  through t h i s  range is  f i v e  percent .  Since 
the su r face  a rea  f i g u r e s  only i n t o  the mass a n a l y s i s  of t he  bulkhead 
s h e l l  and i n s u l a t i o n ,  t he  e r r o r  over t h e  range of K i s  very  i n s i g n i f i c a n t .  
Many more of these  s i t u a t i o n s  w i l l  occur which w i l l  be t r e a t e d  i n  a s i m i l a r  
manner. It w i l l  s u f f i c e  t o  present  only the  r e s u l t i n g  empir ical  equat ion 
and eva lua te  the  e r r o r  over t he  range intended. 
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It may now be concluded t h a t  a conventional spheroidal  type 
bulkhead has four  geometric p r o p e r t i e s  of i n t e r e s t  f o r  determining s t a g e  
s i z e  and weight: a diameter ( D ) ,  which i s  a n  input  design parameter; 
a depth (B or E ) ,  which may be determined from equat ion (1.2a) f o r  an 
optimized o r  s e l e c t e d  parameter ( K ) ;  a volumetr ic  capac i ty  expressed by 
equation (1.2b) i n  (D) and (K) parametr ic  terms; and f i n a l l y ,  t he  dome 
su r face  area of the empir ical  equation (1.2e) i n  the  same parametr-ic 
terms a s  the volume. 

From the r e l a t i o n s h i p s  presented i n  paragraphs 1.1, 1 . 2 ,  and 
1.3,  i t  i s  now poss ib l e  t o  ob ta in  the tank composite p r o p e r t i e s  from 
the  sum of each of the component p r o p e r t i e s  developed. Actual ly ,  the 
only combined geometric property r equ i r ed  i s  the  composite tank volume 
which i s  equated t o  the volume of the mainstage p rope l l an t  t o  ob ta in  
the dependent length ( R )  of the c y l i n d r i c a l  tank sec t ion .  

16 
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1.3 Propel lant  Tank Cylinder I 
As i n  t he  p r o p e l l a n t  tank bulkheads, the geometric p r o p e r t i e s  

of the connecting p rope l l an t  c y l i n d r i c a l  tank t o  be der ived i n  parametr ic  
form a r e  the volumetric capaci ty ,  su r f ace  a r e a ,  and length.  The f i r s t  
two p rope r t i e s  a r e  r e l a t e d  t o  the input design parameter (D) and t o  the 
property of l eng th  ( R ) .  

The primary purpose f o r  considering the volume of the cy l inde r  

i s  s o  t h a t  t h e  cy l inde r  l eng th  ( J )  may be determined. 

It must be noted t h a t  l eng th  ( a )  is a dependent v a r i a b l e .  
I 

Once the bulkhead parameters KB and KE have been s e l e c t e d  f o r  a tank, 
the l eng th  ( J )  then depends s o l e l y  on the r equ i r ed  tank volume of equa- 
t i o n s  (1 , lb )  o r  ( 1 . 1 ~ )  and the s t age  diameter ( D ) .  Having solved f o r  
the tank c y l i n d r i c a l  l eng th ,  we express  i t s  su r face  a rea  i n  the  a l r e a d y  
f a m i l i a r  terms 

(1.3b) 



Adding, a l g e b r a i c a l l y ,  c y l i n d r i c a l  s e c t i o n  and bulkhead volumes, 
using equat ions (1.2b) and (1.3a), we o b t a i n  the composite tank volume 

which may be reduced t o  

A t  t h i s  po in t ,  it must be noted t h a t  each component of the 
v e h i c l e  must be i d e n t i f i e d  i n  accordance with the  schematic diagram of 
Figure 1 and a l s o  with the associated f u e l  o r  ox id i ze r  i n  the case of 
a tank. 

Commencing with the  f u e l  tank, t he  f u e l  volume of equat ion ( l . l b )  
is equated t o  the  tank volume of (1.4a), 

t o  so lve  f o r  t he  tank cy l inde r  length 

Since l eng th  (ai) cannot be a negat ive quan t i ty ,  t h e  tank will 
c o n s i s t  of an a f t  and forward dome only f o r  a mainstage p rope l l an t  mass 
of 

37 (1  + rm) 12 D3 Qf 

JX 

t h a t  the f u e l  tank i s  a f t  o r  forward, once t h e  tank arrangement f o r  
i n v e s t i g a t i o n  has been se l ec t ed .  

The s u b s c r i p t  "i" must be replaced wi th  s u b s c r i p t  1 o r  2 t o  s i g n i f y  

17 



I f  the p rope l l an t  quan t i ty  i s  l e s s ,  then the tank diameter (D) 
o r  the dome parameter (K) must be ad jus t ed ;  otherwise,  the u l l a g e  volume 
of the f u e l  tank (which is  included i n  k f )  must be increased t o  a l low 
f o r  t h i s  tank off loading.  I f  the tank o f f load ing  imposes excessive 
s t r u c t u r a l  and r e s i d u a l  mass inc reases ,  then another  tank conf igu ra t ion  
must be inves t iga t ed  and the  a s soc ia t ed  equat ions der ived.  

Subs t i t u t ing  equation (1.4b) i n t o  (1.3b), we 
s ion  f o r  the su r face  a rea  of the f u e l  tank c y l i n d r i c a  

The depth and su r face  a rea  equations a r e  

D - - -  
Ei 2KEi 

and 

f o r  the forward bulkhead, and 

and 
d* 

SBi = 0.52 &$- i 

w r i t e  
1 s e c t  

the expr 
ion a s  

es- 

(1.4e) 

f o r  the a f t  bulkhead. 

Since equations (1.4e) through (1.4h) a s  presented a r e  no t  
d i s t i ngu i shed  between forward or a f t  tanks . u n t i l  the s u b s c r i p t  2 or 1, 
r e s p e c t i v e l y ,  has been assigned, they may equa l ly  apply t o  the ox id ize r  
tank bulkhead i n  t h i s  general  form and w i l l  n o t  be repeated.  



Simi lar ly ,  t he  cyl inder  length of the  oxid izer  tank i s  der ived 
by equat ing (1.1~) wi th  (1.4a) 

4 ko rm 1 w  "1 ; 1 )  -*- 3 x (1 + rm) po D 
= -  

%i KBi 'i 

f o r  a i  2 0. 

Again, the  condi t ions discussed f o r  t h e  f u e l  tanks apply t o  the  
ox id ize r  tank when 

Using equat ion (1.4k) w i t h  (1.3b), we w r i t e  the  equat ion f o r  
the  su r face  a rea  of the  ox id ize r  tank c y l i n d r i c a l  s ec t ion  a s  

Having determined the  s i g n i f i c a n t  p r o p e r t i e s  of a l l  the  tank 
components i n  equat ions (1.4b) through (1.4m), we proceed t o  develop 
the  remaining components of the fuselage.  

2.0 In t e r t ank  Geometry 

The length  (L2) and the surface a rea  
i n t e r t a n k  geometric p rope r t i e s  of consequence 
and mass ana lys i s .  The l eng th  i s  composed of 
depth (E,) of t he  a f t  tank, the  a f t  bulkhead 

( S L ~ )  a r e  the only two 
f o r  the  conf igura t ion  
t h e  forward bulkhead 
ep th  (B2) of the  forwarc 

tank, and an access  space (L3) between the two bulkhead v e r t i c e s .  
Unlike the  bulkhead depths determinat ion discussed i n  paragraph (1.2), 
the l eng th  (L3) must be based so le ly  on the minimum access  room requi red  
between tanks f o r  f a b r i c a t i o n ,  inspect ion,  o r  r e p a i r .  This length  must 
be deduced from experienced vehic les  and is  suggested t h a t  t he  empir ical  
f o m  

r 1 
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be used fo r  access spaces between conventional bulkheads. Notice t h a t ,  
a s  t he  bulkhead shape approaches t h a t  of a p r o l a t e  spheroid (K < l ) ,  
the access space r equ i r ed  i s  n a t u r a l l y  l e s s .  On the  o t h e r  hand, a s  
the diameter (D) i nc reases ,  the r equ i r ed  space inc reases .  

Adding lengths  of equat ions (1.4e),  (1.4g), and (2.0a),  we 
o b t a i n  the des i r ed  i n t e r t a n k  l eng th  equat ion i n  s i m p l i f i e d  form: 

L, = 1 + 0.06 $,)I. (2.0b) 

t o  be 
Using l eng th  (L,), t he  i n t e r t a n k  su r face  a r e a  i s  r e a d i l y  found 

s =  'D2 [1$,(1 + 0.06 G1) + S1' 1 + 0.06 $21. ( 2 . 0 ~ )  
L, 2%1 53, 

3.0 S k i r t  Geometry 

Stage forward and a f t  s k i r t s  a r e  those fuse l age  components 
which serve t o  envelop the bulkheads a t  t he  two extreme ends of t h e  
p rope l l an t  tank assembly. Their l eng ths  a r e  i d e n t i c a l  t o  those of 
t he  enclosed bulkhead depths ,  which have a l r eady  been derived. Pre- 
s en t ing  them with t h e i r  proper i d e n t i f i c a t i o n  a s  i nd ica t ed  i n  Figure 1, 
they a r e  

D e l  = E, = - 
2%2 

and 

(3.0a) 

D b, = Bl = - 
2$1 

f o r  the forward and a f t  s k i r t s ,  r e spec t ive ly .  

S k i r t  su r f ace  a r e a s  a r e  given by 

(3.0b) 

nD2 s = -  

e, 2KE2 

20 
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f o r  t h e  forward s k i r t  and 

f o r  t h e  a f t  s k i r t .  

(3. Od) 

4.0 B o a t t a i l  Geometry 

The s t age  b o a t t a i l ,  a s  here  def ined,  is  t h a t  component between 
the  a f t  s k i r t  and the  engine gimbal plane.  It is  approximately cy l in-  
d r i c a l  i n  shape and i t s  length  depends upon the propulsion engine 
arrangement, the  t h r u s t  s t r u c t u r a l  requirements a f t  of the bulkhead 
ve r t ex ,  and upon the  propulsion system accessor ies .  

When the propulsion system c o n s i s t s  of mul t ip le  engines ,  a l l  
arranged around the b o a t t a i l  periphery (no inboard engines) ,  the  boat-  
t a i l  length  need only s a t i s f y  the  fuel  suc t ion  l i n e  rout ing  t o  the 
engines.  Since the  a f t  s k i r t  may be prudent ly  s u b s t i t u t e d  f o r  the  
b o a t t a i l  , t h i s  case w i l l  no t  be considered f u r t h e r .  

When the  propuls ion arrangement c o n s i s t s  of a s i n g l e  engine 
system o r  a multi-engine system having one o r  more inboard engines,  
t he  b o a t t a i l  l ength  is pr imar i ly  dependent upon the  t h r u s t  s t r u c t u r a l  
requirements.  
o r  t r u s s  member, then the  moment developed i s  d i r e c t l y  propor t iona l  t o  
t h e  engine t h r u s t  (F/n) and t h e  beam length  (D).  The moment due t o  
t h r u s t  of a s i n g l e  engine (F/n) appl ied a t  t h e  cen te r  of the s t r u c t u r a l  
member is a l s o  a reasonable  approximation of t he  moment due t o  two 
(or fou r )  inboard engines mounted around the cen te r .  Recal l ing that  
the  moment i s  l ikewise d i r e c t l y  proport ional  t o  the  ma te r i a l  s t r e n g t h  
(u) and t h e  beam depth cubed (3)’ w e  equate  these  two moments, ’ 

Assuming t h a t  the th rus t  s t r u c t u r e  behaves as a beam* 

where k, and u a r e  combined i n t o  one cons tan t  of p r o p o r t i o n a l i t y  t o  g e t  

(4.0a) 

* See Appendix. 
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Using the  b o a t t a i l  l eng th  (H1) we o b t a i n  the su r face  a r e a  

(4. Ob) 

5.0 ProDellant Suction Lines 

Perhaps the  most i n t e r e s t i n g  f e a t u r e  of p r o p e l l a n t  s u c t i o n  
l i n e s  i n  a tandem tank arrangement i s  t h e i r  r o l e  i n  the determinat ion 
of tank pressures  and i n  s a t i s f y i n g  pump suc t ion  requirements.  Recal l ing 
t h a t  the hydrau l i c  head con t r ibu t ion  t o  the t o t a l  pump suc t ion  head is  
a funct ion of t he  p rope l l an t  dens i ty  (p)  and the f l i g h t  h i s t o r i e s  of 
v e h i c l e  a c c e l e r a t i o n  and p rope l l an t  l e v e l  t o  the pump s u c t i o n ,  then we 
s e e  t h a t  t he  s e l e c t i o n  of l i g h t e r  (or denser)  f l u i d  i n t o  the  forward 
tank may admit a decrease i n  u l l a g e  p re s su re ,  thereby decreasing 
s t r u c t u r a l  and pressurant  masses. Because t h i s  phenomenon i s  an 
important v a r i a b l e  f o r  considerat ion i n  e a r l y  t r a j e c t o r y  s t u d i e s ,  t he  
a x i a l  dis tance between tank bottom t o  t h e  pump s u c t i o n  f lange (assumed 
t o  be a t  the gimbal plane) w i l l  be determined. 

For the  case of the a f t  tank s u c t i o n  l i n e ,  the a x i a l  d i s t a n c e  
r equ i r ed  i s  i d e n t i c a l l y  t h a t  of the b o a t t a i l  l eng th  (H1). This s u c t i o n  
l i n e  length i s  f ixed  by equation (4.0a) and i s  independent of the tank 
a r r  ang emen t . 

However, t h i s  i s  n o t  t r u e  of t he  forward tank s u c t i o n  l i n e ,  
and therefore  the l i n e  a x i a l  l eng th  (H2) must be def ined f o r  the f u e l  
and f o r  the oxidizer  i n  the  a f t  tank. To f ind  the  a x i a l  l eng th  of the 
forward tank suc t ion  l i n e ,  we simply add the l eng ths  of the b o a t t a i l  
(Hl), the space between forward and a f t  tank (Ls), and the a f t  tank 
l eng th  (B1 + j ,  + El). The a f t  tank l eng th  depends on the f l u i d  con- 
ta ined.  Using equations (4.0a), (2.0a),  (3.0b), (1.4e), and (1.4b), 
we express the suc t ion  l i n e  l eng th  f o r  the case of f u e l  i n  the a f t  tank 
a s  

- 113 -3  D I - - [D z] + 0.06 [lo, + KB2] 
2 ( f )  128 H 

( 5 .  Oa) 
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Using the  above referenced equat ions wi th  the  except ion of 
(1 .4 j )  f o r  (1.4b), we express  t h e  suc t ion  l i n e  l eng th  f o r  the case 
of ox id i ze r  i n  the  a f t  tank 

- 113 
+ %I H2(o) - ik p :] + O.06 4 [% 1 - 

(5. Ob) 

6.0 Stage General Configurat ion 

Though a v e h i c l e  boos te r  s t age  is  composed of many more 
s i g n i f i c a n t  components, those discussed here  were p r imar i ly  s e l e c t e d  
because t h e i r  in te rconnec t ing  geometries appropr i a t e ly  def ined the  
s t a g e  conf igura t ion .  P e r t i n e n t  geometric p r o p e r t i e s  of these  components 
were expressed i n  parametr ic  form. 
equat ions  of -components, the r e s u l t s  were a boos te r  s-tage conf igura t ion  
i n  paramet r ic  form a s  summarized in Figures 8 and 9. 

By methodical ly  adding parametr ic  

Parameters used were e i t h e r  of the  input  type or  the  dependent 
type. Parameters such a s  d e n s i t i e s ,  p rope l l an t  mixture  r a t i o ,  s t a g e  
diameter ,  e t c . ,  which must be jud ic ious ly  con t ro l l ed  by the  a n a l y s t s ,  
were c a l l e d  input  design parameters. Those which were s a t i s f i e d  by 
connecting r e l a t i o n s  t o  e x i s t i n g  condi t ions and input  parameters were 
c a l l e d  dependent parameters.  An example of t h i s  t y p e  was the  l eng th  
( a i )  of t he  p rope l l an t  tank cyl inder .  

I n  r e f e r r i n g  t o  Figures  8 and 9,  we observe t h a t  by varying 
i n p u t  design parameters,  ind iv idua l ly  o r  s imultaneously,  t he  boos te r  
s t a g e  geometry w i l l  vary. and t h i s  v a r i a t i o n  w i l l  be r e f l e c t e d  through- 
out  t he  v e h i c l e  length.  
parameter (D) w i l l  a f f e c t  every dimension ind ica t ed  i n  F igures  8 and 9. 

Cer ta in ly ,  a var iar t ion i n  the  input  design 

Using these  same' parameters,  equat ions of su r face  a r e a s  and 
volumes a n t i c i p a t e d  f o r  use i n  the mass a n a l y s i s  were der ived.  Their 
a p p l i c a t i o n  could be extended t o  mass cen te r s  of g r a v i t y  and mass 
moments  of i n e r t i a  of each component f o r  f u t u r e  pre l iminary  s t u d i e s  
of v e h i c l e  con t ro l  and dynamics. 
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Other major components of t he  booster  s t a g e ,  no t  here  
discussed, w i l l  be encountered i n  the mass a n a l y s i s  following P a r t  I 
of t h i s  s e r i e s .  
r e l a t i v e  s i z e  and l o c a t i o n  of remaining components w i l l  no t  inf luence 
the  s t age  conf igu ra t ion  of Figures 8 and 9.  On the  o the r  hand, input 
parameters t o  the  s t a g e  conf igu ra t ion  presented h e r e  w i l l  a f f e c t  the 
s i z e ,  mass, and perhaps l o c a t i o n  of components and items t h a t  follow. 

With the  exception of main propuls ion engines,  the 

7.0 Conclusion 

It has been demonstrated t h a t ,  through a reasonable under- 
s tanding of t he  r e l a t i v e  importance of each major component, a c r i t i c a l  
s e l e c t i o n  of parameters,  a parametr ic  formulation of i t s  geometry, and 
a l o g i c a l  summation of a l l  these component equations can y i e l d  a mathe- 
ma t i ca l  model which adequately desc r ibes  the booster  configurat ion.  
In  a s i m i l a r  approach, the mathematical mass model can be der ived.  

It was i n t e r e s t i n g  t o  note  i n  paragraph (6.0) t h a t  once the 
s t a g e  geometry was mathematically assembled, t he  input  design param- 
e t e r s  could be a r b i t r a r i l y  v a r i e d  and the consequential  s t age  geometric 
v a r i a t i o n s  i n s t a n t l y  obtained with a s  much v a l i d i t y  a s  a graphic  layout .  

Ancther i n t e r e s t i n g  f e a t u r e  about t h i s  mathematical design i s  
t h a t ,  having developed the  necessary parametr ic  equations of s i g n i f i c a n t  
components, components may be r e a d i l y  rearranged o r  s p e c i f i c  components 
may be s u b s t i t u t e d  o r  e l iminated t o  e s s e n t i a l l y  design another  type 
v e h i c l e ,  This f l e x i b i l i t y  i s  analogous t o  a "bui lding s e t , ' '  and the 
accumulation and cataloging of p r o p e r t i e s  i n  parametr ic  form f o r  the 
v a r i o u s  components app l i cab le  t o  s t a g e  design a r e  encouraged. 

It may a l s o  be concluded t h a t  t h i s  mathematical booster  design 
method may be extended t o  o the r  s t ages  and developed i n t o  a subrout ine 
t o  be admitted i n t o  t r a j e c t o r y  and performance programs. Then, through 
the  i n t e r a c t i o n  of s t a g e  design parameters serving a s  inpu t s  t o  the 
t r a j e c t o r y  a n a l y s i s  and v i c e  v e r s a ,  optimum performance, t r ade -o f f s ,  
and trends may be e s t a b l i s h e d  i n  the e a r l y  phases of prel iminary a n a l y s i s .  
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APPENDIX 
THRUST STRUCTURE DEPTH PARAMETRIC ANALYSIS 

A very  c m o n  type of t h r u s t  s t r u c t u r e  used f o r  mounting inboard 
engines  of multi-engine arrangements i s  a system of beams, o r  t r u s s e s ,  
supported by t h e  b o a t t a i l  skin.  
m e t r i c a l l y  mounted on the  b o a t t a i l  periphery.  
metrical beam support ing a s i n g l e ,  cen ter  engine, we no te  t h a t  t h e  beam 

is  nea r ly  simply supported by 
the  f l e x i b l e  b o a t t a i l  sk in ,  t he  
beam l eng th  i s  approximately 
t h a t  of t h e  s t a g e  diameter (D), 
and t h e  maximw induced bending 
moment occurs a t  mid-span of t he  
beam having a magnitude of 

The outboard engines may be sym- 
I f  we examine a d i a -  

F/n 
MmaX = (:); , 

I f  w e  mount two inboard engines on t h i s  d i ame t r i ca l  beam, a pro- 
bab le  arrangement would p o s i t i o n  these engines a d i s t a n c e  of (D/2)  
a p a r t ,  The maximum moment would then be  approximately equal t o  that 

of t he  s i n g l e ,  cen te r  engine. 
This e x t e r n a l l y  appl ied  moment, 
which is  e s s e n t i a l l y  a func t ion  
of t h e  appl ied  t h r u s t  loads and 
the  geometry of the  t h r u s t  s t r u c -  
t u re ,  may be expressed i n  the  
more genera l  form 

t 
b X  

L 43 F/ n F/n M e  = k2 ($) D. (a )  

The "externa l  moment" must be  balanced by t h e  " i n t e r n a l  moment" of 
I f  t h e  t h r u s t  s t r u c t u r e  through i ts  geometric and m a t e r i a l  p rope r t i e s .  

we r e p r e s e n t  t h e  s t r u c t u r e  as a bui l t -up beam and make t h e  s impl i fy ing  
assumption that the web is  designed t o  s a t i s f y  t h e  shear loads while 
t h e  f l anges  s a t i s f y  t h e  bending moment, we may express t h e  beam i n t e r n a l  
moment as a couple having an arm of (H) l ength  and load of (Q) o r  
Ma = HQ. The maximum allowed couple load which t h i s  f l ange  may resist 
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is  t h e  product of t h e  al lowable 
material s t r e n g t h  and t h e  c r o s s  
s e c t i o n a l  area of t h e  f lange.  Sub- 
s t i t u t i n g  i n t o  t h e  above couple equa- 
t i o n  (Ma) we  g e t  Ma = Haa t b. Since 
upper and lower f l anges  a r e  subjected 
t o  compressive stresses,  e i t h e r  while  
on the  pad o r  during f l i g h t  condi- 
t i o n s ,  t h e  f l anges  behave as longi-  
t u d i n a l l y  r ibbed p l a t e s  whose c r i t i c a l  
buckling stress [3 ]  is  

o r  solving f o r  t he  thickness  we g e t  
t N k,b. But t h e  f l ange  width (b) of 
optimal beam designs bear  a r e l a t i o n -  

sh ip  t o  the height  (H) s o  t h a t  b = k,H. Subs t i t u t ing  these  r e l a t i o n s h i p s  
of (H) f o r  ( t )  and (b) i n t o  the  i n t e r n a l  moment equat ion l eads  t o  

Equating t h e  e x t e r n a l  and i n t e r n a l  moments of equations (a )  and 
(b) ,  r e spec t ive ly ,  and combining cons t an t s  of p r o p o r t i o n a l i t y ,  we o b t a i n  
t h e  expression presented on page 21, which i s  

An i d e n t i c a l  expression would have r e s u l t e d  had t h e  t h r u s t  s t r u c -  
t u r e  been represented as a t r u s s .  
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